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We propose a method of constructing approximately the solutions of equations
which describe nonlinear oscillations of viscoelastic systems, In contrast to what
was done in [1—3], we present the method of a direct constructing the solutions
of integro-partial differential equations without first having to reduce them to
ordinary equations with a subsequent reduction to standard form, As is shown in
(3—5], oscillations of viscoelastic systems are described by nonlinear integro-
partial differential equations, The method proposed in [1-3] for studying such
equations by applying the Bubnov-Galerkin method or the method of lines invol-
ved in thereduction of these equations to ordinary differential equations, setting
them into a standard form, and then carrying out an averaging process,

We present below a direct method for the construction of asymptotic expan-
sions of the solutions of the corresponding equations of viscoelasticity (*).

1, We begin with the consideration of linear problems of the dynamic theory of vis-
coelasticity, The dynamic equations of the linear theory of viscoelasticity have the form

[5, 6] ou _ i
p_.at_z__pF-+}LAu—f-()\,+E.) grad div u — aa.,1)

ep*Au—e (M* 4 p*)graddivue, u = (u1, ua, us)
t

B (¢, x)=_;_SI‘ t—1)9(r, x)drt

0
t

Ao, x)= Sl‘o t—1e(T, x)dt
0

These equations must be supplemented with appropriate initial and boundary conditions,
In [3, 4] it is shown that for load-carrying structures of polymer materials the parame-
ter & can be regarded as small, By analogy with [7, 8] we seek a solution of the system
(1.1) in the following form:
u (¢, z) = a{!) Q(x) cos B () + euy (a, 8, x) + O (g% (1.2)
Here @ (x) is a vector-valued function of the vector argument x = (z;, 3, Z3), and the
functions a (¢) and b (¢) are determined from the equations
a = &4, (a) - 0 (), 0= + eB, (&) -+ O (&%) (1.3)
The problem amounts to finding a way to determine the functions 4,, B, and ui. Be-
fore proceeding in this direction, we carry out the following calculations, In accord with

* ) The problem of constructing directly the solutions of the equations of viscoelasticity
was posed hv A, A, I1'iushin,
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the relations (1, 2) and (1, 3) we obtain
P/t == — agw? cos O - g ,/mz 06“ —2Aigpw sin 6 —2Bia@'w cos 0) - O (&) (1.4)
Further, we can show, under fairly general assumptions, that
a{t—1)=al{y + O (e1), O —1=0() o (1) + 0 (1)

Therefore assuming that
oo

S I' (s) sds < const, S Lo (s) sds < const
0 0

S T (s)ds = O (g), S To(s)ds =0 (8), §—0, >0
ale ale
we find
gu*Au = _;.aA(p (M cos -+ N sin 8) 4 O (e) (1, 5)

g (A* 4 p*) grad divu = ea grad div (p[(P + %) cos 04 (Q + g.)sin 6] + 0 (&)

M= S T (s)cos msds, N = S I' (s) sin osds
0 0
o0 o0

P= S [o(s)coswsds, Q = S To (s) sin wsds
0 0

Substituting the relation (1,2) into Eq, (1.1) and taking into account the relations (1,4)
and (1, 5), we obtain, to within quantities of order ¢ ,
—paQw? cos 6 - ¢ (pmz ‘;é“ —2p4190 sin 6 — 2pBiago cos 0)= (1.6)
(nAe + (A + }L) grad div ¢} acos0 -+ & [pAuwr + (A4 p) grad div ] —

7aA(p(McoqE) -+ Vsm())—aagraddlvl'(P-{- 2)cose {-(Qw— )sine]

The determination of the functions 4,, B, and v, from Eq, (1,6) in the general case
requires a complicated procedure, Therefore we describe here only one of the possible
ways of solving this problem, For example, if we determine the function ¢ (x) as the
solution of the equation

pAg + (A + ) grad div ¢ + paw?p = 0
then for determining the functions A; and B, we can proceed as follows, We multiply
Eq, (1.6) scalarly by @ (x) sin 0 and integrate with respect to x over the surface s and
with respect to 6 from 0 to 2n. Next we multiply (1,6) by @ (x) cos 0 and follow the
same procedure, For the determination of w1 we can also use the equation

(1.7

puﬂ%g; pAur - (A -+ p) grad div u

We give an example, Consider the longitudinal oscillations of a viscoelastic rod of
length /

¢
?fﬂ—p Pu =8 I‘(t—r)audr 1.8)
ox2 otz
0
du _ e f C (’A'l = X, &
ul,_,=0, e =0, uj_y=fi(x, &), 3 lieo f2 (X, &)
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In this case Egs, (1.6) and (1. 7) assume the form

9" (x) 4 pPolp =0 (1.9)
d%u 02 .
F o Pro? %u; + 2P0 A1 8in 0 + 2p%waBig cos @ = ag” (M cos O - N sin 0)

From the first of Egs. (1. 9) we obtain
@ (x) = 2 Ap Sin (popx), @ 0) =g (=0
n=1

pmnz(_z..’%_;_QR, 12-‘:1,2,...

We denote the functions 4,, B;, ¢ and 6 by a subscript ». Multiplying the second of
Egs, (1, 9) first by ¢ cos 8,,, and then by ¢ sin 6, and integrating the result with respect
to z and g, over the intervals 0 < 2 <C{, 0 << 8, < 2n, we find

Ay =Y Nonag, By, = Y2 Mpon

o o
M= X P () cosapsds,  No= (T (5)sinopsds
0 0

Integrating now Egs, (1, 3), we obtain 4, and 0,

!
ay = dy, exXp (— _€_ Nno),,Lt) , Oy =a, i 1% Mn) t Oorx

~ \

v

Finally, we have .
\ e . O
u(x, )= Z 3, exp (\——% Nnmnt) cos Lmn (1 —— Mn> £ 00,,} st @t
n=1 :

(the parameters §,, and 0, are obtained from the initial conditions),

2, We proceed now to consider the equations of nonlinear viscoelasticity obtained in
{3]. Assuming that the functions R,, and R,, in these equations are independent of z
and that the integral terms are proportional to a small parameter, we can extend the me-
thod of constructing solutions, as described anove, to equations of this kind,

Let us illustrate this method applying it to problem (1, 8) in which the right-hand side

is supplemented by the noniinear term
t

I=e\G—n [0u 0,
5 ( )(()x} Froadd
4]

Since the calculations here are analogous to the previous ones, we give only the transfor-
matjons of the nonlinear term /. Using the expansion (1, 3) and (1, 4), we find, as above,

to within terms of order ¢
'

I- ¢ S G (t — ) %" cos® Bdt + O (¢) = 5. eaPq'q” (C cos b 4 Dsin 8) 4 O (&)
0 b i x>
C = S G () cos wsds, D= SG (s) sin wsds
8 o
We note that in calculating the integral term only, terms containing the first harmo-
nics are retained here, In the general case, in the expansion of the integrand function in
a Fourier series we can include the terms containing the higher harmonics in the equa-
tion from which the function v, is determined, Carrying out the procedure described
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above, we obtain equations for the determination of a and 8, which are easily integra-
ted, The subsequent calculations are obvious.
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We consider a dynamic mixed problem for an elastic halfspace, weakened by a
system of two-dimensional cracks and subject to conditions of anti-plane defor-
mation,

We raise the problem of determining the jump in the stresses at the cracks in
an elastic halfspace when shear displacements on the cracks are known, Using
the method developed in [1, 2] we reduce the system of integral equations for
the mixed problem to an equivalent system of linear algebraic equations with a
completely continuous operator, We analyze the problems relating to the solva-
bility of the integral equations and the infinite system, Investigation of the solu-
tion in the zero approximation is given,

The dynamics of an elastic halfspace with a crack was studied in [3, 4]where-
in the main emphasis was focused on problems relating to crack propagation and
the diffraction of elastic waves by the cracks,



